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Section 2.4 Worked Examples with the Heat Equation 63

Here the fiumetion f(x) is a linear combination of both sines and cosines (and a constant),
unlike the previous problems, where either sines or cosines (including the constant term)
were used. Another erucial difference is that (2.4.39) should be valid for the entire ring,
which means that —L < » < L. whereas the series of Jjust sines or cosines was valid
for 0 < & < L. The theory of Fourier series will show that (2.4.39) is valid and, more
important. that the previous series of just sines or cosines are but special cases of the
series in (2.4.39).

For now, we wish just {0 determine the coeflicients ap, . and b, from (2.1.39).
Again the cigenfunctions form an orthogonal set since integral tables verify the following
orthogonality conditions:
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I =L < o 2L n=m =10
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7 L REE o a2 0 n#m (2.4.41)
o .sm—L—sm 7 dv = i 2.4

I s nwar mmax

, / $in — cos —— da = 0. (2.4.42)
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where n and m are arbitrary (nonnegative) integers. The constant cigenfunction corre-
sponds to n = 0 or m = (. Integrals of the square of sines or cosines (n = m) are evaluated
again by the “half the length of the interval” rule. The last of these formulas. (2.4.42), is
particularly simple to derive. since sine is an odd function and cosine is an even function.?
Note that. for example. cos nma/L is orthogonal to every other cigenfunction [sines from
(2.4.42). cosines and the constant eigenfunetion from (2.4.40).

The coefficients are derived in the sane manner as before. A fow steps are saved by
noting (2.-1.39) is equivalent to

x
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y nwa nwr
Jip) = E @y COS Z + E by, sin ’[ll ;s

n=() n=1

If we multiply this by both cos mma/L and sinmae/L and then integrate fromx = —L
to @ = {-L. we obtain

The product of an odd and an even function is odd. By antisymmetry, the integral of an odd function
over a svmnnetrie interval is zero.
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z = —L to x = +L, we obtain
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If we utilize (2.4.40 -2.4.42), we find that
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Solving for the coefficients in a manner that we are now familiar with yields

L
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- : .
m>1) | an = % / f(x) cos%” dx (2.4.43)
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bm = -I-I-/—Lf((E)Sln——L— dx.

The solution to the problem is (2.4.38), where the coefficients are given by (2.4.43).

2.4.3 Summary of Boundary Value Problems

In many problems, including the ones we have just discussed, the specific simple
constant-coefficient differential equation.

d2¢
dz?

-9,

forms the fundamental part of the boundary value problem. We collect in the table

in one place the relevant formulas for the eigenvalues and eigenfunctions for the

typical boundary conditions already discussed. You will find it helpful to understand

these results because of their enormous applicability throughout this text. It is

1mpoxtant to note that, in these cases, whenever A = 0 is an eigenvalue, a constant
¢ clmnfantian (aarroenandine ta n = () in cos 1’27r$/L)
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